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Abstract
A connected graphG is called strongly Menger (edge) connected if for any two distinct vertices x, y
of G, there are min{degG(x), degG(y)} vertex(edge)-disjoint paths between x and y. In this paper,
we consider strong Menger (edge) connectedness of the augmented k-ary n-cube AQn,k, which is a
variant of k-ary n-cube Qkn. By exploring the topological proprieties of AQn,k, we show that AQn,3
for n ≥ 4 (resp. AQn,k for n ≥ 2 and k ≥ 4) is still strongly Menger connected even when there are
4n − 9 (resp. 4n − 8) faulty vertices and AQn,k is still strongly Menger edge connected even when
there are 4n−4 faulty edges for n ≥ 2 and k ≥ 3. Moreover, under the restricted condition that each
vertex has at least two fault-free edges, we show that AQn,k is still strongly Menger edge connected
even when there are 8n − 10 faulty edges for n ≥ 2 and k ≥ 3. These results are all optimal in the
sense of the maximum number of tolerated vertex (resp. edge) faults.
Keyword: Strong Menger (edge) connectivity; Maximal local-connectivity; Augmented k-ary n-
cubes; Fault-tolerance.
1 Introduction
With continuous advances in technology, a multiprocessor system may contains hundreds or even thou-
sands of processors that communicate by exchanging messages through an interconnection network. The
topology of a network can be represented as a graph. Among all fundamental properties for intercon-
nection networks, the connectivity and edge connectivity are the major parameters widely discussed for
the connection status of networks.
For a connected graph G, the connectivity κ(G) is the minimum number of vertices removed to
get the graph disconnected or trivial; while the edge connectivity λ(G) is the minimum number of
edges removed to get the graph disconnected. Connectivity and edge connectivity are two deterministic
measurements for determining the reliability and fault tolerance of a multiprocessor system. In contrast
with this concept, Menger [11] provided a local point of view, and defined the connectivity (resp. edge
connectivity) of any two vertices as the minimum number of internally vertex-disjoint (resp. edge-disjoint)
paths between them.
A connected graph G is called strongly Menger (edge) connected if for any two distinct vertices
x, y of G, there are min{degG(x),degG(y)} (edge-)disjoint paths between x and y. Parallel routing
(i.e., construction of disjoint paths or edge-disjoint paths) has been an important issue in the study of
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computer networks. With the continuous increasing in network size, routing in networks with faults
has become unavoidable. Two fault models have been studied for many well-known networks: one is
the random fault model, and the other is the conditional fault model (which assumes that the fault
distribution is limited). The strong Menger (edge) connectivity of a graph with random faults is defined
as follows.
Definition 1. A graph G is called m-strongly Menger connected (resp. edge connected) if G−F remains
strongly Menger connected (resp. edge connected) for an arbitrary vertex set F ⊆ V (G) (resp. edge set
F ⊆ E(G)) with |F | ≤ m.
Note that the term m-strong Menger connectivity is also referred to as m-fault-tolerant maximal
local-connectivity in [1,2,15]. Let δ(G) denote the minimum degree of a graph G. The conditional strong
Menger (edge) connectivity of a graph is defined as follows.
Definition 2. A graph G is called m-conditional strongly Menger connected (resp. edge connected) if
G− F remains strongly Menger connected (resp. edge connected) for an arbitrary vertex set F ⊆ V (G)
(resp. edge set F ⊆ E(G)) with |F | ≤ m and δ(G− F ) ≥ 2.
The study on strong Menger vertex/edge connectedness attracts more and more researchers’ attention.
On one hand, the (conditional) strong Menger connectivity of many known networks were explored
in literature, for example, star graph [9, 12], hypercubes [13], folded hypercubes [21], hypercube-like
networks [16], Cayley graphs generated by transposition trees [17], augmented cubes [2], bubble-sort
star graph [1], balanced hypercubes [7] etc. On the other hand, the (conditional) strong Menger edge
connectivity were investigated on hypercubes [14], folded hypercubes [3], hypercube-like networks [8],
balanced hypercubes [7] etc. He et al. [6] and Sabir and Meng [15] presented sufficient conditions for a
regular graph to be strongly Menger vertex/edge connected with some restricted conditions. For more
information, please refer to [6, 15] and the references therein.
Almost all the known popular classes of networks with strong Menger edge/vertex connectedness
are triangle-free. Recently, augmented k-ary n-cube is proposed for parallel computing by Xiang and
Stewart [19]. An augmented k-ary n-cube AQn,k is extended from a k-ary n-cube Q
k
n in a manner
analogous to the extension of an n-dimensional hypercube Qn to an n-dimensional augmented AQn [4]
and has many triangles. Some results about topological properties and routing problems on augmented
k-ary n-cube can be found in [5, 10, 19, 20] etc. In this paper, by exploring and utilizing the structural
properties of AQn,k, we show that AQn,3 (resp. AQn,k, k ≥ 4) is (4n−9)-strongly (resp. (4n−8)-strongly)
Menger connected for n ≥ 4 (resp. n ≥ 2), and AQn,k is (4n − 4)-strongly Menger edge connected for
n ≥ 2 and k ≥ 3. Moreover, under the restricted condition that each vertex has at least two fault-free
edges, we show that AQn,k is (8n−10)-conditional strongly Menger edge connected for n ≥ 2 and k ≥ 3.
These results are all optimal with respect to the maximum number of tolerated vertex (resp. edge) faults.
2 Preliminaries
2.1 Notations
Let G = (V (G), E(G)) represent an interconnection network, where a vertex u ∈ V (G) represents a
processor and an edge (u, v) ∈ E(G) represents a link between vertices u and v.
Let |V (G)| be the size of vertex set and |E(G)| be the size of edge set. Two vertices u and v are
adjacent if (u, v) ∈ E(G), the vertex u is called a neighbor of v, and vice versa. For a vertex u ∈ V (G),
let NG(u) denote a set of vertices in G adjacent to u, and let NG[u] = NG(u) ∪ {u}. The degree of u,
denoted by degG(u) (or dG(u)), is the cardinality of NG(u). For a vertex set U ⊆ V (G), the neighborhood
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of U in G is defined as NG(U) =
⋃
v∈U
NG(v) − U . When no ambiguity arises, we omit the subscript G
in the above notations. For any two vertices u, v ∈ V (G), we use cn(G : u, v) to denote the number of
common neighbors of u and v in G.
A graph H is a subgraph of a graph G if V (H) ⊆ V (G) and E(H) ⊆ E(G). The connected components
(simply, component) of a graph are its maximal connected subgraphs. For two disjoint vertex sets or
subgraphs H1 and H2, we use E(H1, H2) to denote the set of edges with one endpoint in H1 and the
other in H2. For a subset S ⊆ V (G) (resp. S ⊆ E(G)), we denote G− S the graph obtained from G by
removing the vertices (edges) of S. In particular, S is called a vertex cut (resp. edge cut) of G if G−S is
disconnected. In this case, the biggest component of G− S is called a large component; the component
of G− S which is not the biggest one is called a smaller component.
Given x, y ∈ V (G), an (x, y)-path of length k is a finite sequence of distinct vertices v0, v1, . . . , vk such
that x = v0, y = vk, and (vi, vi+1) ∈ E(G) for 0 ≤ i ≤ k − 1. A set F ⊂ V (G) \ {x, y} is an (x, y)-cut if
G− F has no (x, y)-path. Similarly, a set F ⊆ E(G) is an (x, y)-edge cut if G− F has no (x, y)-path.
Proposition 1. ( [11]) Let x, y be two distinct vertices of a graph G.
(1) For (x, y) /∈ E(G), the minimum size of an (x, y)-cut equals the maximum number of disjoint
(x, y)-paths.
(2) The minimum size of an (x, y)-edge cut equals the maximum number of edge-disjoint x, y-paths.
2.2 Augmented k-ary n-cubes
Let [n] = {1, 2, . . . , n} and [n]0 = {0, 1, . . . , n − 1}. Assume that all arithmetics on tuple elements are
modulo k. Xiang and Stewart [19] gave two equivalent definitions of augmented k-ary n-cube as follows.
Definition 3. ( [19]) Let n ≥ 1 and k ≥ 3 be integers. The augmented k-ary n-cube AQn,k has kn
vertices, each vertex is labelled by an n-bit string (an, an−1, . . . , a2, a1) (or anan−1 · · · a2a1) with ai ∈ [k]0
for i ∈ [n]. There is an edge joining vertex u = (un, un−1, . . . , u2, u1) to v = (vn, vn−1, . . . , v2, v1) if and
only if one of the following conditions holds.
(1) vi = ui − 1 (resp. vi = ui + 1) for some i ∈ [n] and uj = vj for all j ∈ [n] \ {i}; and the edge (u, v)
is called an (i,−1)-edge (resp. (i,+1)-edge).
(2) for some 2 ≤ i ≤ n, vi = ui−1, vi−1 = ui−1−1,. . . , v1 = u1−1 (resp. vi = ui+1, vi−1 = ui−1+1,. . . ,
v1 = u1 + 1), vj = uj for all j > i; and the edge (u, v) is called an (≤ i,−1)-edge (resp. (≤ i,+1)-
edge).
In the above definition, edges fulfilled the condition (1) and condition (2) are called traditional edges
and augmented edges, respectively. Obviously, AQ1,k is a k-cycle (i.e., a cycle of length k). Fig. 1 shows
AQ2,3, AQ2,4 and AQ3,3, where bold lines are traditional edges and dashed lines are augmented edges.
In fact, the augmented k-ary n-cube AQn,k can also be recursively defined as follows.
Definition 4. ( [19]) Fix k ≥ 3, augmented k-ary 1-cube AQ1,k has vertex set {1, 2, . . . , k}, and there is
an edge joining vertex u to v if and only if v = u−1 or v = u+1. Fix n ≥ 2. Take k copies of augmented
k-ary (n−1)-cubes AQn−1,k and for ith copy add an extra number i as the nth bit of each vertex (i.e., all
vertices have the same nth bit if they are in the same copy of augmented k-ary (n−1)-cube). Four more
edges are added for each vertex, namely the (n,−1)-edge, (n,+1)-edge, (≤ n,−1)-edge, (≤ n,+1)-edge
(as defined in Definition 3).
Lemma 1. ( [19]) Let AQn,k be the augmented k-ary n-cube, where n ≥ 2 and k ≥ 3 are integers.
(1) For i ∈ [k]0, the subgraph of AQn,k induced by vertices with the nth bit being i, denoted by AQin,k,
is a copy of AQn−1,k.
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Fig. 1: (a) AQ2,3; (b) AQ2,4; (c) AQ3,3.
(2) AQn,k is vertex-transitive, AQ2,k is edge-transitive and κ(AQn,k) = λ(AQn,k) = 4n− 2.
(3) Every vertex of AQin,k has exactly two neighbors in AQ
i+1
n,k (resp. in AQ
i−1
n,k ), one is connected by
a traditional edge and the other is connected by an augmented edge. Thus |E(AQin,k, AQi+1n,k )| =
2kn−1.
(4) Let U be a subset of V (AQin,k) for i ∈ [k]0. Then |NAQn,k−AQin,k(U)| ≥ 2|U |.
Two adjacent vertices u ∈ V (AQin,k) and v ∈ V (AQi+1n,k ) are called extra neighbors to each other.
Moreover, (u, v) are called extra edges. From Lemma 1(3), every vertex has exactly four distinct extra
neighbors. For convenience, we adopt the following notation to identify the neighbors of a given vertex
in AQn,k. Let u = (un, un−1, . . . , u2, u1) ∈ V (AQn,k). For each 2 ≤ i ≤ n, let
u(i,−1) = (un, un−1, . . . , ui − 1, ui−1, . . . , u2, u1),
u(i,+1) = (un, un−1, . . . , ui + 1, ui−1, . . . , u2, u1),
u(≤i,−1) = (un, un−1, . . . , ui − 1, ui−1 − 1, . . . , u2 − 1, u1 − 1),
u(≤i,+1) = (un, un−1, . . . , ui + 1, ui−1 + 1, . . . , u2 + 1, u1 + 1).
Remark 1. ( [10]) Let u and v be two distinct vertices in AQin,k such that u and v have common neighbors
in V (AQi+1n,k )∪V (AQi−1n,k ). Then v = u(≤n−1,−1) or v = u(≤n−1,+1). Furthermore, if v = u(≤n−1,−1), then
the common neighbors of u and v in V (AQi+1n,k )∪ V (AQi−1n,k ) are u(≤n,−1) and u(n,+1); if v = u(≤n−1,+1),
then the common neighbors of u and v in V (AQi+1n,k ) ∪ V (AQi−1n,k ) are u(≤n,+1) and u(n,−1).
For instance, we consider u = 120 in AQ13,3 (see Fig. 1(c)). Then, we can check that u and u(≤2,−1) =
4
112 have common neighbors u(≤3,−1) = 012 ∈ V (AQ03,3) and u(3,+1) = 220 ∈ V (AQ23,3). Also, u and
u(≤2,+1) = 101 have common neighbors u(≤3,+1) = 201 ∈ V (AQ23,3) and u(3,−1) = 020 ∈ V (AQ03,3).
The following lemma shows the exact number of common neighbors of any two adjacent vertices in
AQn,k.
Lemma 2. ( [10]) Let (u, v) be an edge of AQn,k. Then the following assertions hold:
(1) cn(AQ2,3 :u, v) = 3;
(2) For k ≥ 4, cn(AQ2,k :u, v) = 2;
(3) For n ≥ 3, cn(AQn,3 :u, v) =
{
3 if v = u(≤n,−1) or v = u(i,−1) for 1 ≤ i ≤ n;
5 if v = u(≤i,−1) for 2 ≤ i ≤ n− 1;
(4) For n ≥ 3 and k ≥ 4, cn(AQn,k :u, v) =
{
2 if v = u(≤n,−1) or v = u(i,−1) for 1 ≤ i ≤ n;
4 if v = u(≤i,−1) for 2 ≤ i ≤ n− 1.
The results are similar with assertions (3) and (4) for v = u(i,+1) and v = u(≤i,+1).
The following lemma shows the upper bound of the number of common neighbors for any two distinct
vertices in AQn,k.
Lemma 3. ( [10]) Let u and v be two distinct vertices of AQn,k. Then the following assertions hold:
(1) For n ≥ 2, cn(AQn,3 :u, v) ≤ 6;
(2) For k ≥ 4, cn(AQ2,k :u, v) ≤ 2;
(3) For n ≥ 3 and k ≥ 4, cn(AQn,k :u, v) ≤ 4.
Lemma 4. ( [5]) Let AQn,k be the augmented k-ary n-cubes, where n ≥ 3 and k ≥ 4. If U is a subset
of V (AQn,k) with 2 ≤ |U | ≤ 8n− 16, then |NAQn,k(U)| ≥ 8n− 10.
Wang and Zhao [18] derived the following result which is useful for our proof.
Lemma 5. ( [18]) Let AQn,3 be the augmented 3-ary n-cubes, and F ⊆ V (AQn,3) with |F | ≤ 8n − 12.
Assume AQn,3 − F is disconnected. Then
(1) AQ3,3−F has exactly two components, one of which is a singleton or a 3-cycle, and the vertex set
of the 3-cycle is {u, u(≤2,−1), u(≤2,+1)};
(2) for n ≥ 4, AQn,3 − F has exactly two components, one of which is a singleton.
3 Main Results
In this section, we will consider the (conditional) fault-tolerant strong Menger (edge) connectivity of
augmented k-ary n-cubes. The following result is useful.
Lemma 6. ( [15]) Let G be an r-regular, r-connected graph with |V (G)| ≥ 2r+ 1 and r ≥ 2. Then G is
f -strongly Menger connected if, for any Vf ⊆ V (G) with |Vf | ≤ f + r − 1, G − Vf has a component C
such that |V (C)| ≥ |V (G)| − |Vf | − 1.
3.1 Strong Menger connectivity of augmented k-ary n-cubes
In this section, we consider the strong Menger connectivity of augmented k-ary n-cubes AQn,k. We will
prove that AQn,3 is (4n− 9)-strongly Menger connected but not (4n− 8)-strongly Menger connected for
n ≥ 3, and AQn,k is (4n − 8)-strongly Menger connected but not (4n − 7)-strongly Menger connected
for n ≥ 3 and k ≥ 4.
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Lemma 7. Let F be an arbitrary set of vertices in AQn,k.
(1) If |F | ≤ 8n− 12 for n ≥ 4, then AQn,3 − F has a component C such that |V (C)| ≥ |V (AQn,3)| −
|F | − 1.
(2) If |F | ≤ 8n − 11 for n ≥ 2 and k ≥ 4, then AQn,k − F has a component C such that |V (C)| ≥
|V (AQn,k)| − |F | − 1.
Proof. Let C be the large component of AQn,k − F . First we consider k = 3, n ≥ 4 and |F | ≤ 8n− 12.
By Lemma 5(2), AQn,3 − F is connected or has exactly two components, one of which is a singleton.
Clearly, if AQn,k − F is connected, then V (C) = V (AQn,k − F ) and |V (C)| = |V (AQn,3)| − |F |. If
AQn,3 − F is disconnected, then |V (C)| = |V (AQn,3)| − |F | − 1.
Now assume that n ≥ 2, k ≥ 4 and |F | ≤ 8n − 11. The proof is by induction on n. If n = 2,
then |F | ≤ 5 < κ(AQ2,k) = 6. Thus, AQ2,k − F is connected. It leads to V (C) = V (AQ2,k − F ) and
|V (C)| = |V (AQ2,k)| − |F |. In what follows, we assume that n ≥ 3 and the result holds for AQn−1,k.
Recall that AQn,k contains k disjoint copies of AQn−1,k, say AQin,k, i ∈ [k]0. Let Fi = F ∩ V (AQin,k)
and fi = |Fi| for i ∈ [k]0. Let I = {i ∈ [k]0 : AQin,k − Fi is disconnected} and J = [k]0 \ I. In addition,
we adopt the following notations:
FI =
⋃
i∈I
Fi, FJ =
⋃
j∈J
Fj , and AQ
J
n,k =
⋃
j∈J
AQjn,k.
By Lemma 1(2), fi ≥ 4(n− 1)− 2 = 4n− 6 for i ∈ I. Since |F | ≤ 8n− 11, we have |I| ≤ 2. We consider
the following cases.
Case 1: |I| = 0.
For all j ∈ [k]0, AQjn,k −Fj is connected. By Lemma 1(3), there are 2kn−1 edges between subgraphs
AQjn,k and AQ
j+1
n,k . Since |F | ≤ 8n − 11 < 2kn−1 for n ≥ 3 and k ≥ 4, there is a fault-free edge
between AQjn,k − Fj and AQj+1n,k − Fj+1 for each j ∈ [k]0, it implies that AQn,k − F is connected. Let
C = AQn,k − F . Clearly, |V (C)| = |V (AQn,k)| − |F |.
Case 2: |I| = 1.
Without loss of generality, assume that I = {0}. By Lemma 1(2), f0 ≥ 4n − 6. For j ∈ [k]0 \ {0},
AQjn,k −Sj is connected. By Lemma 1(3), there are 2kn−1 edges between subgraphs AQjn,k and AQj+1n,k .
For each j, j + 1 ∈ [k]0 \ I, since 2(fj + fj+1) ≤ 2|F | ≤ 2(8n− 11) < 2kn−1 for n ≥ 3 and k ≥ 4, there is
a fault-free edge between AQjn,k − Fj and AQj+1n,k − Fj+1. It leads to AQJn,k − FJ is connected.
Case 2.1: 4n− 6 ≤ f0 ≤ 8n− 19.
Since f0 ≤ 8n−19 = 8(n−1)−11, by induction hypothesis on AQ0n,k, there exists a component, say H0
in AQ0n,k, such that |V (H0)| ≥ |V (AQ0n,k)|−f0−1 = kn−1−f0−1. Since there are 2×2kn−1 edges between
subgraphs AQ0n,k and AQ
J
n,k and 2(f0+f1+1)+2(f0+fk−1+1) ≤ 4|F |+4 ≤ 4(8n−11)+4 < 2×2kn−1
for n ≥ 3 and k ≥ 4, H0 is connected to AQJn,k −FJ . Let C be the component induced by the vertex set
V (H0) ∪ V (AQJn,k − FJ). Then |V (C)| ≥ |V (AQn,k)| − |F | − 1.
Case 2.2: 8n− 18 ≤ f0 ≤ 8n− 11.
In this case, |FJ | = |F | − f0 ≤ 7. Let H0 be the large component of AQ0n,k − F0 and M =
AQ0n,k − F0 − V (H0). Obviously, NAQn,k−AQ0n,k(V (M)) ⊆ FJ and NAQ0n,kV (M) ⊆ F0. By Lemma 1(4),
|NAQn,k−AQ0n,kV (M)| ≥ 2|V (M)|. It leads to 2|V (M)| ≤ |FJ | ≤ 7, so |V (M)| ≤ 3. If 2 ≤ |V (M)| ≤ 3,
by Lemma 4, |NAQn,k(V (M))| ≥ 8n− 10. It leads to
8n− 11 ≥ |F | = f0 + |FJ | ≥ |NAQ0n,kV (M)|+ |NAQn,k−AQ0n,k(V (M))| = |NAQn,k(V (M))| ≥ 8n− 10,
a contradiction. Thus, |V (M)| = 1 and |V (H0)| = |V (AQ0n,k)|−f0−1. One can see that H0 is connected
to AQJn,k − FJ by the similar argument as Case 2.1. Let C be the component induced by the vertex set
V (H0) ∪ V (AQJn,k − FJ). Then |V (C)| ≥ |V (AQn,k)| − |F | − 1.
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Case 3: |I| = 2.
Without loss of generality, assume that I = {0, t}, where 1 ≤ t ≤ k−1. By Lemma 1(2), f0, ft ≥ 4n−6.
Since |F | ≤ 8n − 11, we have |FJ | ≤ 1. For j ∈ [k]0 \ {0, t}, AQjn,k − Fj is connected. We consider the
following cases.
Case 3.1: t = 1 or k − 1.
Without loss of generality, assume that t = 1. Note that |FJ | ≤ 1 and 2kn−1 > 2|FJ | for n ≥ 3.
For j, j + 1 ∈ [k]0 \ {0, 1}, there is a fault-free edge between AQjn,k − Fj and AQj+1n,k − Fj+1. It leads
to AQJn,k − FJ is connected. Since every vertex of AQ0n,k (resp. AQ1n,k) has two extra neighbors in
AQJn,k and |FJ | ≤ 1, any component of AQ0n,k − F0 (resp. AQ1n,k − F1) is connected to AQJn,k − FJ . Let
C = AQn,k − F . Clearly, |V (C)| = |V (AQn,k)| − |F |.
Case 3.2: 2 ≤ t ≤ k − 2.
For 1 ≤ m ≤ t − 1 or t + 1 ≤ m ≤ k − 1, AQmn,k − Fm is connected. By the similar argument as
Case 3.1, those (AQmn,k−Fm)’s for 1 ≤ m ≤ t−1 and t+1 ≤ m ≤ k−1 belong to the components, say C1
and C2, respectively, of AQn,k − F . Since every vertex of AQ0n,k (resp. AQtn,k) has four extra neighbors
in AQn,k−AQ0n,k−AQtn,k and |FJ | ≤ 1, any component of AQ0n,k−F0 is connected to both AQ1n,k−F1
(which is part of C1) and AQ
k−1
n,k − Fk−1 (which is part of C2). This implies that C1 = C2 (i.e., C1 and
C2 are the same component). By a similar discussion, any component of AQ
t
n,k−Ft is contained in both
C1 and C2. This implies that AQn,k − F has a large component, say C, and C = C1 = C2. It leads to
|V (C)| = |V (AQn,k)| − |F |. 
Since AQn,k is (4n − 2)-regular and (4n − 2)-connected by Lemma 1(2), combining Lemma 6 and
Lemma 7, we have the following result.
Theorem 1. Let AQn,k be the augmented k-ary n-cube. Then
(1) AQn,3 is (4n− 9)-strongly Menger edge connected for n ≥ 4.
(2) AQn,k is (4n− 8)-strongly Menger edge connected for n ≥ 2 and k ≥ 4.
Remark 2. AQn,3 is not (4n−8)-strongly Menger connected for n ≥ 3 and AQn,k is not (4n−7)-strongly
Menger connected for n ≥ 3 and k ≥ 4. See Fig. 2 for an illustration. Let (u,w) ∈ E(AQn,k) such that
u = w(≤i,−1) for some 1 ≤ i ≤ n − 1 and let F = N(w) \ N [u] be a faulty subset of vertices in AQn,k
(i.e., vertices in the darkest area of Fig. 2). By Lemma 2(3), |F | = (4n − 2) − 5 − 1 = 4n − 8 if n ≥ 3
and k = 3, and by Lemma 2(4), |F | = (4n − 2) − 4 − 1 = 4n − 7 if n ≥ 3 and k ≥ 4. We now consider
a vertex v ∈ V (AQn,k) \ (N [N(w) ∪ N(u)]). Obviously, degAQn,k−F (u) = degAQn,k−F (v) = 4n − 2.
Since w ∈ N(u) and some neighbors of w are in F , the vertices u and v are not connected with 4n − 2
vertex-disjoint paths in AQn,k − F . Thus, the results of Theorem 1 are optimal in the sense that the
number of faulty vertices cannot be increased.
3.2 Strong Menger edge connectivity of augmented k-ary n-cubes
In this section, we consider the (conditional) strongly Menger edge connectivity of augmented k-ary
n-cubes.
In the following, let S be an arbitrary set of edges in AQn,k. Note that AQn,k contains k disjoint
copies of AQn−1,k, say AQin,k, i ∈ [k]0. Let Si = S ∩ E(AQin,k) and si = |Si| for i ∈ [k]0. Let
I = {i ∈ [k]0 : AQin,k − Si is disconnected} and J = [k]0 \ I. In addition, we adopt the following
notations:
SI =
⋃
i∈I
Si, SJ =
⋃
j∈J
Sj , AQ
J
n,k =
⋃
j∈J
AQjn,k, and sc = |S| −
∑
i∈[k]0
si.
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Fig. 2: Illustration for Remark 2
First, we provide two useful lemmas as follows.
Lemma 8. Let S be an arbitrary set of edges in AQn,k for n ≥ 2 and k ≥ 3. If |S| ≤ 8n− 7, then there
exists a component H in AQn,k − S such that |V (H)| ≥ |V (AQn,k)| − 1.
Proof. Let H be the large component of AQn,k − S. The proof is by induction on n. For n = 2, the
proof is shown in the Appendix A. In what follows, we assume that n ≥ 3 and k ≥ 3 and the result holds
for AQn−1,k. Recall that I = {i ∈ [k]0 : AQin,k − Si is disconnected} and J = [k]0 \ I. By Lemma 1(2),
si ≥ 4(n − 1) − 2 = 4n − 6 for i ∈ I. Since |S| ≤ 8n − 7, we have |I| ≤ 2 when n ≥ 3. The following
cases should be considered.
Case 1: |I| = 0.
For all j ∈ [k]0, AQjn,k − Sj is connected. By Lemma 1(3), there are 2kn−1 edges between subgraphs
AQjn,k and AQ
j+1
n,k . Since |S| ≤ 8n − 7 < 2kn−1 for n ≥ 3 and k ≥ 3, there is a fault-free edge
between AQjn,k − Sj and AQj+1n,k − Sj+1 for each j ∈ [k]0, it implies that AQn,k − S is connected. Thus,
|V (H)| = |V (AQn,k)|.
Case 2: |I| = 1.
Without loss of generality, assume that I = {0}. By Lemma 1(2), s0 ≥ 4(n − 1) − 2 = 4n − 6. For
j ∈ [k]0 \{0}, AQjn,k−Sj is connected. By Lemma 1(3), there are 2kn−1 edges between subgraphs AQjn,k
and AQj+1n,k . Since sc ≤ |S| − s0 ≤ (8n− 7)− (4n− 6) = 4n− 1 < 2kn−1 for n ≥ 3 and k ≥ 3, there is a
fault-free edge between AQjn,k − Sj and AQj+1n,k − Sj+1 for each j, j + 1 ∈ J . It leads to AQJn,k − SJ is
connected.
Case 2.1: 4n− 6 ≤ s0 ≤ 8n− 15.
Since s0 ≤ 8n− 15 = 8(n− 1)− 7, by induction hypothesis on AQ0n,k, there exists a component, say
H0 in AQ
0
n,k, such that |V (H0)| ≥ |V (AQ0n,k)| − 1 = kn−1− 1. Since every vertex of H0 has exactly four
distinct extra neighbors, we have sc ≤ |S|−s0 ≤ 4n−1 < 4×(kn−1−1) for n ≥ 3 and k ≥ 3, and thus H0
is connected to AQJn,k−SJ . Let H be the component induced by the vertex set V (H0)∪V (AQJn,k−SJ).
Then |V (H)| ≥ |V (AQn,k)| − 1, as desired.
Case 2.2: 8n− 14 ≤ s0 ≤ 8n− 7.
In this case, we have sc ≤ |S| − s0 ≤ (8n − 7) − (8n − 14) = 7. Since every vertex in AQ0n,k has
exactly four distinct extra neighbors, at most one vertex in AQ0n,k are not connected with AQ
J
n,k − SJ .
This shows that |V (H)| ≥ |V (AQn,k)| − 1, as desired.
Case 3: |I| = 2.
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We consider the following two cases according to k = 3 or not.
Case 3.1: k = 3.
Without loss of generality, assume that I = {0, 1} and s0 ≤ s1. Then, AQJn,3 − SJ = AQ2n,3 − S2 is
connected. Since |S| ≤ 8n− 7, if s0 ≥ 8n− 14, then sc ≤ |S| − s0− s1 ≤ (8n− 7)− 2(8n− 14) = 21− 8n,
which contradicts that n ≥ 3. Indeed, by Lemma 1(2), we have 4n−6 ≤ s0 ≤ s1 ≤ |S|−(4n−6) ≤ 4n−1
and sc ≤ |S| − s0 − s1 ≤ (8n− 7)− 2(4n− 6) = 5. Thus, we consider the following two situations.
Case 3.1.1: 4n− 6 ≤ s0 ≤ s1 ≤ 8n− 15 = 8(n− 1)− 7.
Note that AQ0n,3 − S0 (resp. AQ1n,3 − S1) is disconnected. By induction hypothesis on AQ0n,3 (resp.
AQ1n,3), AQ
0
n,3 − S0 (resp. AQ1n,3 − S1) has a large component and a singleton, say x0 (resp. x1). Note
that each singleton has exactly two distinct extra neighbors in AQ2n,3. Since sc ≤ 5 < 2kn−1 − 2 for
n ≥ 3 and k = 3, AQ0n,3 − S0 − {x0} (resp. AQ1n,3 − S1 − {x1}) is connected to AQ2n,3 − S2. Let M
be the union of smaller components of AQn,3 − S. Clearly, V (M) ⊆ {x0, x1}. If |V (M)| = 2, then
sc ≥ |NAQ1n,3∪AQ2n,3(x0)| + |NAQ2n,3(x1)| ≥ 6, a contradiction occurs. Thus, |V (M)| ≤ 1. This implies
that AQn,3−S has a large component H and smaller components which contain at most one vertices in
total. It leads to |V (H)| ≥ |V (AQn,3)| − 1.
Case 3.1.2: 4n− 6 ≤ s0 ≤ 8n− 15 and 8n− 14 ≤ s1 ≤ 4n− 1.
In this case, we have (4n− 6) + (8n− 14) ≤ s0 + s1 ≤ |S| ≤ 8n− 7. It implies that n = 3. Thus, we
have |S| ≤ 17, 6 ≤ s0 ≤ 9, 10 ≤ s1 ≤ 11 and sc ≤ |S| − s1 − s2 ≤ 1. Since every vertex in AQ0n,3 (resp.
AQ1n,3) has two distinct extra neighbors in AQ
2
n,3, any component in AQ
0
n,3 − S0 (resp. AQ1n,3 − S1) is
connected to AQ2n,3 − S2. This implies AQn,3 − S is connected and |V (H)| = |V (AQn,3)|.
Case 3.2: k ≥ 4.
Without loss of generality, assume that 0 ∈ I. We consider the following two cases according to the
value of I \ {0}.
Case 3.2.1: I = {0, 1} or I = {0, k − 1}.
Without loss of generality, assume that I = {0, 1} and s0 ≤ s1. For j ∈ [k]0 \ {0, 1}, AQjn,k − Sj is
connected. By Lemma 1(3), since sc ≤ |S| − s0 − s1 ≤ (8n− 7)− 2(4n− 6) = 5 < 2kn−1 for n ≥ 3 and
k ≥ 4, there exists a fault-free edge joining AQjn,k−Sj and AQj+1n,k −Sj+1 for j, j+1 ∈ [k]0 \{0, 1, k−1}.
It leads to AQJn,k − SJ is connected. By Lemma 1(2), since |S| ≤ 8n − 7, we have 4n − 6 ≤ s0 ≤ s1 ≤
|S| − (4n− 6) ≤ 4n− 1. The following two cases should be considered.
Case 3.2.1a: 4n− 6 ≤ s0 ≤ s1 ≤ 8n− 15.
Case 3.2.1b: 4n− 6 ≤ s0 ≤ 8n− 15 and 8n− 14 ≤ s1 ≤ 4n− 1.
Since the discussions for Case 3.2.1a and Case 3.2.1b are similar to those of Case 3.1.1 and Case 3.1.2
respectively, the details are omitted.
Case 3.2.2: I = {0, t}, where 2 ≤ t ≤ k − 2.
For 1 ≤ m ≤ t − 1 or t + 1 ≤ m ≤ k − 1, AQmn,k − Sm is connected. By the similar argument as
Case 3.2.1, those (AQmn,k − Sm)’s for 1 ≤ m ≤ t − 1 and t + 1 ≤ m ≤ k − 1 belong to the components,
say C1 and C2, respectively, of AQn,k −S. Without loss of generality, assume that s0 ≤ st. We consider
the following cases.
Case 3.2.2a: 4n− 6 ≤ s0 ≤ st ≤ 8n− 15 = 8(n− 1)− 7.
In this case, AQ0n,k−S0 (resp. AQtn,k−St) is disconnected. By induction hypothesis on AQ0n,k (resp.
AQtn,k), AQ
0
n,k − S0 (resp. AQtn,k − St) has exactly two components: a large component, say H0 (resp.
Ht), and a singleton. Note that every vertex in AQ
0
n,k has exactly two distinct extra neighbors in AQ
1
n,k
(resp. AQk−1n,k ). Since sc ≤ |S|− s0− st ≤ 5 < 2kn−1−4 for n ≥ 3 and k ≥ 4, there is at least a fault-free
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edge between H0 and AQ
1
n,k−S1 (resp. AQk−1n,k −Sk−1). This implies that H0 is connected to AQ1n,k−S1
(which is part of C1) and is connected to AQ
k−1
n,k − Sk−1 (which is part of C2). It follows that H0 is
contained in both C1 and C2. By a similar discussion, Ht is contained in both C1 and C2.
Let M be the union of smaller components of AQn,k − S. Clearly, V (M) ⊆ {x0, xt}. If |V (M)| = 2,
then sc ≥ |NAQn,k−AQ0n,k(x0)| + |NAQn,k−AQtn,k(xt)| ≥ 8, a contradiction occurs. Thus, |V (M)| ≤ 1.
This implies that AQn,k − S has a large component H and smaller components which contain at most
one vertices in total. So |V (H)| ≥ |V (AQn,k)| − 1.
Case 3.2.2b: 4n− 6 ≤ s0 ≤ 8n− 15 and 8n− 14 ≤ st ≤ 4n− 1.
In this case, we have (4n − 6) + (8n − 14) ≤ s0 + st ≤ |S| ≤ 8n − 7. It implies that n = 3. Thus,
|S| ≤ 17, 6 ≤ s0 ≤ 9, 10 ≤ st ≤ 11 and sc ≤ |S| − s1 − st ≤ 1. Since every vertex in AQ0n,k (resp.
AQtn,k) has four distinct extra neighbors in AQn,k−AQ0n,k−AQtn,k, any component in AQ0n,k−S0 (resp.
AQtn,k − St) is connected to AQ1n,k − S1 (resp. AQt−1n,k − St−1) (which is part of C1) and is connected
to AQk−1n,k − Sk−1 (resp. AQt+1n,k − St+1) (which is part of C2). This implies AQn,k − S is connected and
thus |V (H)| = |V (AQn,k)|. 
Lemma 9. Let S be an arbitrary set of edges in AQn,k for n ≥ 2 and k ≥ 3. If |S| ≤ 12n − 13, then
there exists a component H in AQn,k − S such that |V (H)| ≥ |V (AQn,k)| − 2.
Proof. Let H be the large component of AQn,k − S. The proof is by induction on n. For n = 2, the
proof is shown in the Appendix B. In what follows, we assume that n ≥ 3 and k ≥ 3 and the result holds
for AQn−1,k. Recall that I = {i ∈ [k]0 : AQin,k − Si is disconnected} and J = [k]0 \ I. By Lemma 1(2),
si ≥ 4(n− 1)− 2 = 4n− 6 for i ∈ I. Since |S| ≤ 12n− 13, we have |I| ≤ 3 when n ≥ 3. We consider the
following cases.
Case 1: |I| = 0.
For all j ∈ [k]0, AQjn,k − Sj is connected. By Lemma 1(3), there are 2kn−1 edges between subgraphs
AQjn,k and AQ
j+1
n,k . Since |S| ≤ 12n − 13 < 2 × (2kn−1) for n ≥ 3 and k ≥ 3, there exists at most
one integer, say i ∈ [k]0, such that all the edges between AQin,k and AQi+1n,k are faulty. Since there is a
fault-free edge between AQjn,k − Sj and AQj+1n,k − Sj+1 for each j ∈ [k]0 \ {i}, it implies that AQn,k − S
is connected. Thus, |V (H)| = |V (AQn,k)|.
Case 2: |I| = 1.
Without loss of generality, assume that I = {0}. By Lemma 1(2), s0 ≥ 4(n − 1) − 2 = 4n − 6. For
j ∈ [k]0 \{0}, AQjn,k−Sj is connected. By Lemma 1(3), there are 2kn−1 edges between subgraphs AQjn,k
and AQj+1n,k . Since sc ≤ |S| − s0 ≤ (12n− 13)− (4n− 6) = 8n− 7 < 2kn−1 for n ≥ 3 and k ≥ 3, there is
a fault-free edge between AQjn,k − Sj and AQj+1n,k − Sj+1 for each j, j + 1 ∈ J . It leads to AQJn,k − SJ is
connected.
Case 2.1: 4n− 6 ≤ s0 ≤ 12n− 25.
Since s0 ≤ 12n−25 = 12(n−1)−13, by induction hypothesis on AQ0n,k, there exists a component, say
H0 in AQ
0
n,k, such that |V (H0)| ≥ |V (AQ0n,k)| − 2 = kn−1− 2. Since every vertex of H0 has exactly four
distinct extra neighbors, we have sc ≤ |S|−s0 ≤ 8n−7 < 4×(kn−1−2) for n ≥ 3 and k ≥ 3, and thus H0
is connected to AQJn,k−SJ . Let H be the component induced by the vertex set V (H0)∪V (AQJn,k−SJ).
Then |V (H)| ≥ |V (AQn,k)| − 2.
Case 2.2: 12n− 24 ≤ s0 ≤ 12n− 13.
In this case, we have sc ≤ |S| − s0 ≤ (12n − 13) − (12n − 24) = 9. Since every vertex in AQ0n,k has
exactly four distinct extra neighbors, at most two vertices in AQ0n,k are not connected with AQ
J
n,k −SJ .
This shows that |V (H)| ≥ |V (AQn,k)| − 2, as desired.
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Case 3: |I| = 2.
We consider the following two cases according to k = 3 or not.
Case 3.1: k = 3.
Without loss of generality, assume that I = {0, 1} and s0 ≤ s1. Then, AQJn,3 − SJ = AQ2n,3 − S2 is
connected. By Lemma 1(2), since |S| ≤ 12n− 13, we have 4n− 6 ≤ s0 ≤ s1 ≤ |S| − (4n− 6) ≤ 8n− 7.
Case 3.1.1: 4n− 6 ≤ s0 ≤ s1 ≤ 8n− 15 = 8(n− 1)− 7.
Note that AQ0n,3−S0 (resp. AQ1n,3−S1) is disconnected. By Lemma 8, AQ0n,3−S0 (resp. AQ1n,3−S1)
has a large component and a singleton, say x0 (resp. x1). Note that the singleton has exactly two distinct
extra neighbors in AQ2n,3. Since sc ≤ |S| − s0 − s1 ≤ (12n − 13) − 2(4n − 6) = 4n − 1 < 2kn−1 − 2 for
n ≥ 3 and k = 3, AQ0n,3−S0−{x0} (resp. AQ1n,3−S1−{x1}) is connected to AQ2n,3−S2. This implies
that AQn,3−S has a large component H and smaller components which contain at most two vertices in
total. It leads to |V (H)| ≥ |V (AQn,k)| − 2.
Case 3.1.2: 4n− 6 ≤ s0 ≤ 8n− 15 and 8n− 14 ≤ s1 ≤ 8n− 7.
In this case, we have sc ≤ |S| − s1 − s2 ≤ (12n− 13)− (4n− 6)− (8n− 14) = 7. Since every vertex
in AQ0n,3 (resp. AQ
1
n,3) has four distinct extra neighbors, any component with more than two vertices in
AQ0n,3 − S0 (resp. AQ1n,3 − S1) is connected to AQ2n,3 − S2. This implies that only a component with a
singleton in AQ0n,3 − S0 (resp. AQ1n,3 − S1) can be disconnected with AQ2n,3 − S2. Thus, AQn,3 − S has
a large component H and smaller components which contain at most two vertices in total. It leads to
|V (H)| ≥ |V (AQn,3)| − 2.
Case 3.1.3: 8n− 14 ≤ s0 ≤ s1 ≤ 8n− 7.
In this case, we have 2(8n − 14) ≤ s0 + s1 ≤ |S| ≤ 12n − 13. It implies that n = 3. Thus,
|S| ≤ 12n − 13 = 23 and 10 ≤ s0 ≤ s1 ≤ 17. Also, we have sc ≤ |S| − s0 − s1 ≤ 23 − 2 × 10 = 3. Note
that every vertex in AQ0n,3 (resp. AQ
1
n,3) has two distinct extra neighbors in AQ
2
n,3, at most one vertex
in (AQ0n,3 − S0) ∪ (AQ1n,3 − S1) can be disconnected with AQ2n,3 − S2. If a vertex v in AQ0n,3 (resp.
AQ1n,3) remains a singleton in AQn,3 − F , then all the extra edges incident with v are in Sc. It implies
that sc ≥ 4, a contradiction. Thus, any component of AQ0n,3 − S0 (resp. AQ1n,3 − S1) is connected to
AQ2n,3 − S2. It leads to that AQn,3 − S is connected, and so |V (H)| = |V (AQn,3)|.
Case 3.2: k ≥ 4.
Without loss of generality, assume that 0 ∈ I. We consider the following two cases according to the
value of I \ {0}.
Case 3.2.1: I = {0, 1} or I = {0, k − 1}.
Without loss of generality, assume that I = {0, 1} and s0 ≤ s1. For j ∈ [k]0 \ {0, 1}, AQjn,k − Sj is
connected. By Lemma 1(3), since sc ≤ |S|− s0− s1 ≤ (12n−13)−2(4n−6) = 4n−1 < 2kn−1 for n ≥ 3
and k ≥ 4, there exists a fault-free edge joining AQjn,k −Sj and AQj+1n,k −Sj+1 for j ∈ [k]0 \ {0, 1, k− 1}.
It leads to AQJn,k − SJ is connected. By Lemma 1(2), since |S| ≤ 12n− 13, we have 4n− 6 ≤ s0 ≤ s1 ≤
|S| − (4n− 6) ≤ 8n− 7. The following three cases should be considered.
Case 3.2.1a: 4n− 6 ≤ s0 ≤ s1 ≤ 8n− 15.
Case 3.2.1b: 4n− 6 ≤ s0 ≤ 8n− 15 and 8n− 14 ≤ s1 ≤ 8n− 7.
Case 3.2.1c: 8n− 14 ≤ s0 ≤ s1 ≤ 8n− 7.
Since the discussions for Case 3.2.1a, Case 3.2.1b and Case 3.2.1c are similar to those of Case 3.1.1,
Case 3.1.2 and Case 3.1.3, respectively, the details are omitted.
Case 3.2.2: I = {0, t}, where 2 ≤ t ≤ k − 2.
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For 1 ≤ m ≤ t − 1 or t + 1 ≤ m ≤ k − 1, AQmn,k − Sm is connected. By the similar argument as
Case 3.2.1, those (AQmn,k − Sm)’s for 1 ≤ m ≤ t − 1 and t + 1 ≤ m ≤ k − 1 belong to the components,
say C1 and C2, respectively, of AQn,k −S. Without loss of generality, assume that s0 ≤ st. We consider
the following cases.
Case 3.2.2a: 4n− 6 ≤ s0 ≤ st ≤ 8n− 15 = 8(n− 1)− 7.
In this case, AQ0n,k − S0 (resp. AQtn,k − St) is disconnected. By Lemma 8, AQ0n,k − S0 (resp.
AQtn,k − St) has exactly two components: a large component, say H0 (resp. Ht), and a singleton. Note
that every vertex in AQ0n,k has exactly two distinct extra neighbors in AQ
1
n,k (resp. AQ
k−1
n,k ). Since
sc ≤ |S| − s0 − st ≤ (12n− 13)− 2(4n− 6) = 4n− 1 < 2kn−1 − 4 for n ≥ 3 and k ≥ 4, there is at least a
fault-free edge between H0 and AQ
1
n,k − S1 (resp. AQk−1n,k − Sk−1). This implies that H0 is connected to
AQ1n,k−S1 (which is part of C1) and is connected to AQk−1n,k −Sk−1 (which is part of C2). It follows that
H0 is contained in both C1 and C2. By a similar discussion, Ht is contained in both C1 and C2. This
implies that AQn,k − S has a large component H = C1 = C2 and smaller components which contain at
most two vertices in total. It leads to |V (H)| ≥ |V (AQn,k)| − 2.
Case 3.2.2b: 4n− 6 ≤ s0 ≤ 8n− 15 and 8n− 14 ≤ st ≤ 8n− 7.
In this case, we have sc ≤ |S| − s1 − st ≤ (12n− 13)− (4n− 6)− (8n− 14) = 7. Since every vertex
in AQ0n,k (resp. AQ
t
n,k) has four distinct extra neighbors in AQn,k − AQ0n,k − AQtn,k, any component
with more than two vertices in AQ0n,k − S0 is connected to AQ1n,k − S1 (which is part of C1) and is
connected to AQk−1n,k − Sk−1 (which is part of C2). This implies that only a component with a singleton
in AQ0n,k−S0 can be disconnected with both C1 and C2. By a similar discussion, only a component with
a singleton in AQtn,k − St can be disconnected with both C1 and C2. This implies that AQn,k − S has a
large component H = C1 = C2 and smaller components which contain at most two vertices in total. It
leads to |V (H)| ≥ |V (AQn,k)| − 2.
Case 3.2.2c: 8n− 14 ≤ s0 ≤ st ≤ 8n− 7.
In this case, we have 2(8n − 14) ≤ s0 + st ≤ |S| ≤ 12n − 13. It implies that n = 3. Thus,
|S| ≤ 12n − 13 = 23 and 10 ≤ s0 ≤ st ≤ 17. Also, we have sc ≤ |S| − s0 − st ≤ 23 − 2 × 10 = 3. Since
every vertex in AQ0n,k has four distinct extra neighbors in AQn,k − AQ0n,k − AQtn,k, any component of
AQ0n,k−S0 is connected to AQ1n,k−S1 (which is part of C1) and is connected to AQk−1n,k −Sk−1 (which is
part of C2). By a similar discussion, any component of AQ
t
n,k−St is connected to AQt−1n,k −St−1 (which
is part of C1) and is connected to AQ
t+1
n,k − St+1 (which is part of C2). This implies that AQn,k − S is
connected, and so |V (H)| = |V (AQn,k)|.
Case 4: |I| = 3.
By Lemma 1(2), for each i ∈ I, si ≥ 4(n−1)−2 = 4n−6 and si ≤ (12n−13)−2(4n−6) = 4n−1 <
8n−7. Since |S| ≤ 12n−13, we have sc ≤ |S|−3(4n−6) = 5. For each i ∈ I, AQin,k−Si is disconnected,
and by Lemma 8, AQin,k − Si has two components, one is the large component, say Hi, and the other is
a singleton, say vi. Let M be the union of smaller components of AQn,k − S. We consider the following
two cases according to k = 3 or not.
Case 4.1: k = 3.
In this case, I = {0, 1, 2} and J = ∅. Since sc ≤ 5 < 2kn−1 − 4 for n ≥ 3, all Hi’s for i ∈ I belong
to the same component (i.e., H) in AQn,3 − S. Clearly, V (M) ⊆ {v0, v1, v2}. We claim |V (M)| ≤ 2.
Otherwise, sc ≥ |NAQ1n,3∪AQ2n,3(v0)| + |NAQ2n,3(v1)| = 4 + 2 = 6, a contradiction. This implies that
AQn,3 − S has a large component and smaller components which contain at most two vertices in total.
It leads to |V (H)| ≥ |V (AQn,k)| − 2.
Case 4.2: k ≥ 4.
We consider the following three cases.
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Case 4.2.1: The three integers of I are consecutive.
Without loss of generality, assume that I = {0, 1, 2}. For j ∈ [k]0 \ {0, 1, 2}, AQjn,k−Sj is connected.
By Lemma 1(3), there are 2kn−1 edges between subgraphs AQjn,k and AQ
j+1
n,k j ∈ [k]0. Since sc ≤ 5 <
2kn−1 − 4 for n ≥ 3 and k ≥ 4, all Hi’s for i ∈ I and all subgraphs (AQjn,k − Sj)’s for j ∈ J belong to
the same component (i.e., H) in AQn,k − S. Clearly, V (M) ⊆ {v0, v1, v2}. By the similar discussion as
Case 4.1, we can show that |V (M)| ≤ 2 and |V (H)| ≥ |V (AQn,k)| − 2.
Case 4.2.2: Only two integers in I are consecutive.
Without loss of generality, assume that I = {0, 1, t}, where t ∈ {3, 4, . . . , k − 2}. For 2 ≤ m ≤ t − 1
or t + 1 ≤ m ≤ k − 1, AQmn,k − Sm is connected. By the similar argument as Case 4.2.1, those
(AQmn,k − Sm)’s for 2 ≤ m ≤ t − 1 and t + 1 ≤ m ≤ k − 1 belong to the components, say C1 and C2,
respectively, of AQn,k − S. Since sc ≤ 5 < 2kn−1 − 4 for n ≥ 3 and k ≥ 4, H0 is connected to H1
and AQk−1n,k − Sk−1 (which is part of C2), H1 is connected to AQ2n,k − S2 (which is part of C1), Ht is
connected to AQt−1n,k − St−1 (which is part of C1) and is connected to AQt+1n,k − St+1 (which is part of
C2). This implies that AQn,k − S has a large component H = C1 = C2 and V (M) ⊆ {v0, v1, vt}. We
claim |V (M)| ≤ 2. Otherwise, sc ≥ |NAQk−1n,k (v0)| + |NAQt−1n,k ∪AQt+1n,k (vt)| = 2 + 4 = 6, a contradiction.
This implies that AQn,k − S has a large component H and smaller components which contain at most
two vertices in total. It leads to |V (H)| ≥ |V (AQn,k)| − 2.
Case 4.2.3: None any two integers of I are consecutive.
Without loss of generality, suppose I = {0, t, p}, where 2 ≤ t < p ≤ k − 2 and p − t ≥ 2. For
1 ≤ m ≤ t − 1 or t + 1 ≤ m ≤ p − 1 or p + 1 ≤ m ≤ k − 1, AQmn,k − Sm is connected. By the
similar argument as Case 4.2.1, those (AQmn,k − Sm)’s for 1 ≤ m ≤ t − 1, t + 1 ≤ m ≤ p − 1, and
p + 1 ≤ m ≤ k − 1 belong to the components, say C1, C2 and C3, respectively, of AQn,k − S. Since
sc ≤ 5 < 2kn−1 − 4 for n ≥ 3 and k ≥ 4, H0 is connected to AQ1n,k − S1 (which is part of C1) and is
connected to AQk−1n,k −Sk−1 (which is part of C3), Ht is connected to AQt−1n,k −St−1 (which is part of C1)
and is connected to AQt+1n,k −St+1 (which is part of C2), Hp is connected to AQp−1n,k −Sp−1 (which is part
of C2) and is connected to AQ
p+1
n,k −Sp+1 (which is part of C3). This implies that AQn,k −S has a large
component H = C1 = C2 = C3 and V (M) ⊆ {v0, vt, vp}. Since 4|V (M)| ≤ sc ≤ 5, we have |V (M)| ≤ 1.
This implies that AQn,k − S has a large component H and smaller component which contain at most
one vertex. It leads to |V (H)| ≥ |V (AQn,k)| − 1. 
Theorem 2. Let AQn,k be the augmented k-ary n-cube, where n ≥ 2 and k ≥ 3 are integers. Then
AQn,k is (4n− 4)-strongly Menger edge connected.
Proof. Let F be an arbitrary faulty edge set of AQn,k with |F | ≤ 4n − 4. Since λ(AQn,k) = 4n − 2,
AQn,k − F is connected. Let u, v ∈ V (AQn,k) be any two distinct vertices such that degAQn,k−F (u) ≤
degAQn,k−F (v), and let du = degAQn,k−F (u). From Proposition 1, we need to show that the minimum
size of a (u, v)-edge cut is equal to du. That is, we will show that u and v are still connected after the
removal of at most du − 1 edges in AQn,k − F .
Suppose, on the contrary, that u and v are separated by deleting a set of edges Ef with |Ef | ≤ du−1
in AQn,k − F . That is, u is disconnected with v in AQn,k − (F ∪ Ef ). Since du = degAQn,k−F (u) ≤
degAQn,k(u) = 4n − 2, we have |Ef | ≤ 4n − 3. Let S = F ∪ Ef . Then |S| ≤ (4n − 4) + (4n − 3) =
8n − 7. By Lemma 8, there is a component H in AQn,k − S such that |V (H)| ≥ |V (AQn,k)| − 1.
Clearly, |V (H)| 6= |V (AQn,k)|, for otherwise, both u and v are contained in H. Since u is disconnected
from v in AQn,k − S, without loss of generality, assume that u is a singleton in AQn,k − S. Clearly,
E({u}, NAQn,k−F (u)) ⊆ Ef . Thus, |Ef | ≥ |NAQn,k−F (u)| = degAQn,k−F (u) = du, which contradict to
|Ef | ≤ du − 1. This shows that AQn,k is (4n− 4)-strongly Menger edge connected. 
Remark 3. To show that AQn,k is not (4n − 3)-strongly Menger edge connected, we consider the
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following example. See Fig. 3 for an illustration. Let (u,w) ∈ E(AQn,k) and v ∈ V (AQn,k) \N [w]. Let
F = E({w}, N(w)\{u}) be a faulty subset of edges in AQn,k (i.e., edges with cross marks in the darkest
area of Fig. 3). Clearly, |F | = 4n− 3 and there are no more than 4n− 3 edge-disjoint paths between u
and v in AQn,k − F . Since degAQn,k−F (u) = degAQn,k−F (v) = 4n − 2, AQn,k is not (4n − 3)-strongly
Menger edge connected. Thus, the result of Theorem 2 is optimal in the sense that the number of faulty
edges cannot be increased.
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w
<latexit sha1_base6 4="qKKLDJ8MloyWtXA2iBwHZtrT1as=">AAAB 6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY8O IxAfOAZAmzk95kzOzsMjOrhJAv8OJBEa9+kjf /xkmyB00saCiquunuChLBtXHdbye3tr6xuZXf Luzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYD tRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2 V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZig Wnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5 odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvez NxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEz YmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5flS v2qVL3I4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/ PgvDjvzseiNedkM8fwB87nD99ljOk=</latexi t>
AQn,k
<latexit sha1_base6 4="DlBKij/K7frpCzC34nwZp8wsw9w=">AAAB 73icbVA9TwJBEJ3DL8Qv1NJmIzGxIOQOTbTE2F hCIkgCF7K3DLBhb+/c3TMhF/6EjYXG2Pp37Pw 3LnCFgi+Z5OW9mczMC2LBtXHdbye3tr6xuZXf Luzs7u0fFA+PWjpKFMMmi0Sk2gHVKLjEpuFGYD tWSMNA4EMwvp35D0+oNI/kvZnE6Id0KPmAM2q s1L5p9FJZHk97xZJbcecgq8TLSAky1HvFr24/ YkmI0jBBte54bmz8lCrDmcBpoZtojCkb0yF2L JU0RO2n83un5MwqfTKIlC1pyFz9PZHSUOtJGNj OkJqRXvZm4n9eJzGDaz/lMk4MSrZYNEgEMRGZ PU/6XCEzYmIJZYrbWwkbUUWZsREVbAje8surp FWteBeVauOyVCtnceThBE7hHDy4ghrcQR2awE DAM7zCm/PovDjvzseiNedkM8fwB87nD6fzj6Y= </latexit>
N(v)
<latexit sha1_base64="j8Ftoocqev2f7FLx Otnm8EkYTJw=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvHiSCvYD2qVk02wbmmSX JFsoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v5219Y3Nre3CTnF3b//gsHR03NJRogh tkohHqhNgTTmTtGmY4bQTK4pFwGk7GN9lfntClWaRfDLTmPoCDyULGcEmkx4qk4t+qexW3TnQK vFyUoYcjX7pqzeISCKoNIRjrbueGxs/xcowwums2Es0jTEZ4yHtWiqxoNpP57fO0LlVBiiMlC1p 0Fz9PZFiofVUBLZTYDPSy14m/ud1ExPe+imTcWKoJItFYcKRiVD2OBowRYnhU0swUczeisgIK0y MjadoQ/CWX14lrVrVu6rWHq/L9cs8jgKcwhlUwIMbqMM9NKAJBEbwDK/w5gjnxXl3Phata04+c wJ/4Hz+AD9djaU=</latexit>
4n 3
<latexit sha1_base6 4="ms3bOubej3sWUhQxAc7VTgr7fZI=">AAAB 73icdVBNS8NAEN3Ur1q/qh69bC2CBw1JGtp6K3 jxWMHWQhPKZrtpl242cXcjlNA/4cWDIl79O97 8N27aCir6YODx3gwz84KEUaks68MorKyurW8U N0tb2zu7e+X9g66MU4FJB8csFr0AScIoJx1FFS O9RBAUBYzcBpPL3L+9J0LSmN+oaUL8CI04DSl GSks9l3uVc69SG5SrlnnRrDtuHVqmZTVsx86J 03BrLrS1kqMKlmgPyu/eMMZpRLjCDEnZt61E+ RkSimJGZiUvlSRBeIJGpK8pRxGRfja/dwZPtDK EYSx0cQXn6veJDEVSTqNAd0ZIjeVvLxf/8vqp Cpt+RnmSKsLxYlGYMqhimD8Ph1QQrNhUE4QF1 bdCPEYCYaUjKukQvj6F/5OuY9o107l2q62zZR xFcASOwSmwQQO0wBVogw7AgIEH8ASejTvj0Xgx XhetBWM5cwh+wHj7BJdajvY=</latexit>
4n 2
<latexit sha1_base64="hRitARfTDg7tILa7 l8tpef3sfcY=">AAAB73icdVBNS8NAEN3Ur1q/qh69bC2CBw1JGtp6K3jxWMHWQhPKZrtpl242 cXcjlNA/4cWDIl79O978N27aCir6YODx3gwz84KEUaks68MorKyurW8UN0tb2zu7e+X9g66MU4F JB8csFr0AScIoJx1FFSO9RBAUBYzcBpPL3L+9J0LSmN+oaUL8CI04DSlGSks9l3uVc6/iDMpVy 7xo1h23Di3Tshq2Y+fEabg1F9payVEFS7QH5XdvGOM0IlxhhqTs21ai/AwJRTEjs5KXSpIgPEEj 0teUo4hIP5vfO4MnWhnCMBa6uIJz9ftEhiIpp1GgOyOkxvK3l4t/ef1UhU0/ozxJFeF4sShMGVQ xzJ+HQyoIVmyqCcKC6lshHiOBsNIRlXQIX5/C/0nXMe2a6Vy71dbZMo4iOALH4BTYoAFa4Aq0Q QdgwMADeALPxp3xaLwYr4vWgrGcOQQ/YLx9ApXWjvU=</latexit>
4n 3
<latexit sha1_base6 4="BYQ+ZaRw4TGYiQ0KC7ILnO8IABg=">AAAB 73icdVBNS8NAEJ34WetX1aOXrUXwoCFpC7W3gh ePFewHNKVsttt26WYTdzdCCf0TXjwo4tW/481 /4zaNoKIPBh7vzTAzz484U9pxPqyV1bX1jc3c Vn57Z3dvv3Bw2FZhLAltkZCHsutjRTkTtKWZ5r QbSYoDn9OOP71a+J17KhULxa2eRbQf4LFgI0a wNlK3KrzihVesDAolx66nQEtSq2ak7iLXdlKU IENzUHj3hiGJAyo04VipnutEup9gqRnhdJ73Y kUjTKZ4THuGChxQ1U/Se+fo1ChDNAqlKaFRqn6 fSHCg1CzwTWeA9UT99hbiX14v1qPLfsJEFGsq yHLRKOZIh2jxPBoySYnmM0MwkczcisgES0y0i ShvQvj6FP1P2mXbrdjlm2qpcZ7FkYNjOIEzcK EGDbiGJrSAAIcHeIJn6856tF6s12XripXNHMEP WG+fDIWPRw==</latexit>
N(w)
<latexit sha1_base6 4="/h5NGaKFXnW7CepjS2EZFwnmw4U=">AAAB 63icdVDLSsNAFJ3UV62vqks3g0WoICGphdpdwY 0rqWAf0IYymU7aoTOTMDNRSugvuHGhiFt/yJ1 /4ySNoKIHLhzOuZd77/EjRpV2nA+rsLK6tr5R 3Cxtbe/s7pX3D7oqjCUmHRyyUPZ9pAijgnQ01Y z0I0kQ9xnp+bPL1O/dEaloKG71PCIeRxNBA4q RTqXr6v3pqFxx7GYGuCSNek6aLnRtJ0MF5GiP yu/DcYhjToTGDCk1cJ1IewmSmmJGFqVhrEiE8 AxNyMBQgThRXpLduoAnRhnDIJSmhIaZ+n0iQVy pOfdNJ0d6qn57qfiXN4h1cOElVESxJgIvFwUx gzqE6eNwTCXBms0NQVhScyvEUyQR1iaekgnh6 1P4P+nWbPfcrt3UK62zPI4iOALHoApc0AAtcA XaoAMwmIIH8ASeLW49Wi/W67K1YOUzh+AHrLdP FhyOOQ==</latexit>
F = E({w}, N(w) \ {u})
<latexit sha1_base64="MLU7+wo4YNpqkdBt h+euXBGTb7M=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVooZSkCroRCqK4kgr2AU0ok+m0HToz CTMTSwlZufFX3LhQxK3f4M6/cdpmoa0HLhzOuZd77/FDSqSy7W8js7S8srqWXc9tbG5t75i7ew0 ZRALhOgpoIFo+lJgSjuuKKIpbocCQ+RQ3/eHlxG8+YCFJwO/VOMQeg31OegRBpaWOeXh9cVVw4 5GblG4Lo6IrsWKER9KNIzcpdsy8XbansBaJk5I8SFHrmF9uN0ARw1whCqVsO3aovBgKRRDFSc6N JA4hGsI+bmvKIcPSi6dvJNaxVrpWLxC6uLKm6u+JGDIpx8zXnQyqgZz3JuJ/XjtSvXMvJjyMFOZ otqgXUUsF1iQTq0sERoqONYFIEH2rhQZQQKR0cjkdgjP/8iJpVMrOSblyd5qvltI4suAAHIECc MAZqIIbUAN1gMAjeAav4M14Ml6Md+Nj1pox0pl98AfG5w8dnZg2</latexit>
Fig. 3: Illustration for Remark 3
Theorem 3. Let AQn,k be the augmented k-ary n-cubes, where n ≥ 2 and k ≥ 3 are integers. Then
AQn,k is (8n− 10)-conditional strongly Menger edge connected.
Proof. Let F be an arbitrary conditional faulty edge set of AQn,k with |F | ≤ 8n− 10. Then δ(AQn,k−
F ) ≥ 2. Let u and v be any two distinct vertices in AQn,k−F such that degAQn,k−F (u) ≤ degAQn,k−F (v).
Also, let du = degAQn,k−F (u) and let dv = degAQn,k−F (v). From Proposition 1, we will show that u and
v are connected by du edge-disjoint fault-free paths in AQn,k − F . This means that u and v are still
connected if the number of edges deleted is no more than du − 1 in AQn,k − F .
Suppose, on the contrary, that u and v are separated by deleting a set of edges Ef with |Ef | ≤
du − 1 ≤ dv − 1 in AQn,k − F . Let S = F ∪Ef . That is, u and v are disconnected in AQn,k − S. Since
du = degAQn,k−F (u) ≤ degAQn,k(u) = 4n− 2, we have |Ef | ≤ 4n− 3. Then |S| ≤ (8n− 10) + (4n− 3) =
12n−13. By Lemma 9, there is a component H in AQn,k−S such that |V (H)| ≥ |V (AQn,k)|−2. It means
that there are at most two vertices in AQn,k −S not belonging to H. Clearly, |V (H)| 6= |V (AQn,k)|, for
otherwise, both u and v are contained in H.
If |V (H)| = |V (AQn,k)|− 1, without loss of generality, assume u is a singleton in AQn,k−S. Clearly,
E({u}, NAQn,k−F (u)) ⊆ Ef . Thus, |Ef | ≥ |NAQn,k−F (u)| = degAQn,k−F (u) = du, which contradict to
|Ef | ≤ du − 1.
Assume that |V (H)| = |V (AQn,k)| − 2. Let x and y be the two vertices which are not belonging to
H in AQn,k − S. Consider the following two cases:
Case 1: x and y are adjacent in AQn,k − S.
Since u and v are separated in AQn,k − S, without loss of generality, we assume that u ∈ V (H)
and v = x. Clearly, E({x, y}, NAQn,k−F ({x, y})) ⊆ Ef . Since F is a conditional faulty edge set,
dAQn,k−F (y) ≥ 2, thus there is at least one edge except (x, y) which is incident with y in Ef . Thus,
|Ef | ≥ |NAQn,k−F ({x, y})| ≥ (degAQn,k−F (x)− 1) + 1 = dv, which contradicts to |Ef | ≤ dv − 1.
Case 2: x and y are not adjacent in AQn,k − S.
Since u and v are separated in AQn,k − S, we have {u, v} ∩ {x, y} 6= ∅. Without loss of generality,
assume u = x. Clearly, E({u}, NAQn,k−F (u)) ⊆ Ef . Thus, |Ef | ≥ |NAQn,k−F (u)| = degAQn,k−F (u) =
du, which contradicts to |Ef | ≤ du − 1. 
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Remark 4. To show that AQn,k is not (8n−9)-conditional strongly Menger edge connected, we consider
the following example. See Fig. 4 for an illustration. Let C = (u, u1, u2, u) be a 3-cycle in AQn,k. Also, let
u0 ∈ N(u1)\{u, u2} and v ∈ V (AQn,k)\(N(u1)∪N(u2)). Let F =
⋃2
i=1E(ui, N(ui))\[E(C)∪(u1, u0)] be
a faulty subset of edges in AQn,k (i.e., edges with cross marks in Fig. 4). Clearly, |F | = 2(4n−2)−1−4 =
8n − 9 and there are no more than 4n − 3 edge-disjoint paths between u and v in AQn,k − F . Since
degAQn,k−F (u) = degAQn,k−F (v) = 4n − 2, AQn,k is not (8n − 9)-conditional strongly Menger edge
connected. Thus, the result of Theorem 3 is optimal in the sense that the number of faulty edges cannot
be increased.
N(u)
<latexit sha1_base64="PJkbgHsfp5IasjyB1 xgylDgJvYY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MWTVLAf0C4lm2bb0CS7JFm hLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK2jRBHaIhGP VDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqvJueDcsWtuXOgVeLlpAI5 moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfzm+doTOrDFEYKVvSoLn6eyLFQ uupCGynwGasl71M/M/rJSa88VMm48RQSRaLwoQjE6HscTRkihLDp5Zgopi9FZExVpgYG0/JhuAtv 7xK2vWad1mrP1xVGhd5HEU4gVOoggfX0IA7aEILCIzhGV7hzRHOi/PufCxaC04+cwx/4Hz+AD3Yja Q=</latexit>
v
<latexit sha1_base64="R1anq+lppjMAMMCY6 l27dNzdY4w=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY8OIxAfOAZAmzk95kzOzsMjM bCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotY tQOqUXCJDcONwHaikEaBwFYwup/7rTEqzWP5aCYJ+hEdSB5yRo2V6uNeseSW3QXIOvEyUoIMtV7x q9uPWRqhNExQrTuemxh/SpXhTOCs0E01JpSN6AA7lkoaofani0Nn5MIqfRLGypY0ZKH+npjSSOtJF NjOiJqhXvXm4n9eJzXhnT/lMkkNSrZcFKaCmJjMvyZ9rpAZMbGEMsXtrYQNqaLM2GwKNgRv9eV10 qyUvetypX5Tql5lceThDM7hEjy4hSo8QA0awADhGV7hzXlyXpx352PZmnOymVP4A+fzB93hjOg=</ latexit>
AQn,k
<latexit sha1_base64="DlBKij/K7frpCzC34 nwZp8wsw9w=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIOQOTbTE2FhCIkgCF7K3DLBhb+/c3TM hF/6EjYXG2Pp37Pw3LnCFgi+Z5OW9mczMC2LBtXHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFMMmi0Sk 2gHVKLjEpuFGYDtWSMNA4EMwvp35D0+oNI/kvZnE6Id0KPmAM2qs1L5p9FJZHk97xZJbcecgq8TL SAky1HvFr24/YkmI0jBBte54bmz8lCrDmcBpoZtojCkb0yF2LJU0RO2n83un5MwqfTKIlC1pyFz9P ZHSUOtJGNjOkJqRXvZm4n9eJzGDaz/lMk4MSrZYNEgEMRGZPU/6XCEzYmIJZYrbWwkbUUWZsREVb Aje8surpFWteBeVauOyVCtnceThBE7hHDy4ghrcQR2awEDAM7zCm/PovDjvzseiNedkM8fwB87nD6 fzj6Y=</latexit>
N(v)
<latexit sha1_base64="j8Ftoocqev2f7FLxO tnm8EkYTJw=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvHiSCvYD2qVk02wbmmSXJFs oS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v5219Y3Nre3CTnF3b//gsHR03NJRoghtkohH qhNgTTmTtGmY4bQTK4pFwGk7GN9lfntClWaRfDLTmPoCDyULGcEmkx4qk4t+qexW3TnQKvFyUoYc jX7pqzeISCKoNIRjrbueGxs/xcowwums2Es0jTEZ4yHtWiqxoNpP57fO0LlVBiiMlC1p0Fz9PZFio fVUBLZTYDPSy14m/ud1ExPe+imTcWKoJItFYcKRiVD2OBowRYnhU0swUczeisgIK0yMjadoQ/CWX 14lrVrVu6rWHq/L9cs8jgKcwhlUwIMbqMM9NKAJBEbwDK/w5gjnxXl3Phata04+cwJ/4Hz+AD9dja U=</latexit>
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<latexit sha1_base64 ="9Kw+6A/S6tP9y21wRw5mA0TPML4=">AAAB6n icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY 0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3bt sctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29 /YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFE gsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD2nf6 5crbtWdg6wSLycVyNHol796g5ilEUrDBNW667m J8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqw xIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5q whs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a 2EjaiizNh0SjYEb/nlVdKqVb3Lau3+qlK/yOMo wgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorX g5DPH8AfO5w8Bzo2L</latexit>
u2
<latexit sha1_base64 ="/U48Acyf4cZPROyJB1rsv9HXhCM=">AAAB6n icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY 0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3bt sctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e /sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEa B5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWekj7t X654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6 boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzC oDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+um GN74mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sL cSNqKaMrTplGwI3vLLq6RVq3qX1dr9VaV+kcdR hBM4hXPw4BrqcAcNaAKDITzDK7w50nlx3p2PRWv ByWeO4Q+czx8DUo2M</latexit>
u0
<latexit sha1_base64 ="oVY9yV7fGVIQnKLQpXz3R72fpm4=">AAAB6n icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY 0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3bt sctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29 /YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFE gsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD2nf7 ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667m J8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqw xIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5q whs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a 2EjaiizNh0SjYEb/nlVdKqVb3Lau3+qlK/yOMo wgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorX g5DPH8AfO5w8ASo2K</latexit>
4n 3
<latexit sha1_base64="E9w/kMx+NJBdaiR1t O3mW6hRdEQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69bC2CBy1JW9BjwYvHCvYDmlA22027dLNJdzd CCf0TXjwo4tW/481/47bNQVsfDDzem2Fmnh9zprRtf1u5jc2t7Z38bmFv/+DwqHh80lZRIgltkYhH sutjRTkTtKWZ5rQbS4pDn9OOP76b+50nKhWLxKOextQL8VCwgBGsjdStC7d07ZZq/WLZrtgLoHXi ZKQMGZr94pc7iEgSUqEJx0r1HDvWXoqlZoTTWcFNFI0xGeMh7RkqcEiVly7unaELowxQEElTQqOF+ nsixaFS09A3nSHWI7XqzcX/vF6ig1svZSJONBVkuShIONIRmj+PBkxSovnUEEwkM7ciMsISE20iK pgQnNWX10m7WnFqlepDvdy4yuLIwxmcwyU4cAMNuIcmtIAAh2d4hTdrYr1Y79bHsjVnZTOn8AfW5w 83S460</latexit>
4n 4
<latexit sha1_base64="ZOOaTEtaBimBELKVL pynfj9hQkk=">AAAB73icbVBNS8NAEJ3Ur1q/oh69bC2CBy1JLeix4MVjBfsBTSib7aZdutnE3Y1 QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/sA+P2ipOJaEtEvNY dgOsKGeCtjTTnHYTSXEUcNoJxrczv/NEpWKxeNCThPoRHgoWMoK1kbp14ZUvvXK9b1ecqjMHWiVu TiqQo9m3v7xBTNKICk04VqrnOon2Myw1I5xOS16qaILJGA9pz1CBI6r8bH7vFJ0ZZYDCWJoSGs3V3 xMZjpSaRIHpjLAeqWVvJv7n9VId3vgZE0mqqSCLRWHKkY7R7Hk0YJISzSeGYCKZuRWREZaYaBNRy YTgLr+8Stq1qntVrd3XK42LPI4inMApnIML19CAO2hCCwhweIZXeLMerRfr3fpYtBasfOYY/sD6/A E4z461</latexit>
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<latexit sha1_base64 ="7lFfChhtzlSD/lfyYEQZxSZxhoI=">AAAB73 icbVBNS8NAEJ3Ur1o/WvXoZWsRPGhJakWPBS8e K9gPaELZbDft0s0m7m6EEvonvHhQxKt/x5v/xm 2bg7Y+GHi8N8PMPD/mTGnb/rZya+sbm1v57cLO7 t5+sXRw2FZRIgltkYhHsutjRTkTtKWZ5rQbS4p Dn9OOP76d+Z0nKhWLxIOexNQL8VCwgBGsjdStC 7d84Zav+qWKXbXnQKvEyUgFMjT7pS93EJEkpEI TjpXqOXasvRRLzQin04KbKBpjMsZD2jNU4JAqL5 3fO0WnRhmgIJKmhEZz9fdEikOlJqFvOkOsR2rZ m4n/eb1EBzdeykScaCrIYlGQcKQjNHseDZikRP OJIZhIZm5FZIQlJtpEVDAhOMsvr5J2repcVmv3 9UrjPIsjD8dwAmfgwDU04A6a0AICHJ7hFd6sR+v Ferc+Fq05K5s5gj+wPn8AOlOOtg==</latexit >
N(u1)
<latexit sha1_base64 ="9+cyxlgOaK2bHe5BAYh5x9u73YE=">AAAB7X icbVBNSwMxEJ2tX7V+VT16CRahgpTdVtBjwYsn qWA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xr Tdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7 t7+QfHwqKVloghtEsml6gRYU84EbRpmOO3EiuI o4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVp35 aTvnfeLJbfizoFWiZeREmRo9ItfvYEkSUSFIRx r3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu 0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT //O6iQmv/ZSJODFUkMWiMOHISDR7HQ2YosTwiS WYKGZvRWSEFSbGBlSwIXjLL6+SVrXi1SrV+8tS /SKLIw8ncApl8OAK6nALDWgCgUd4hld4c6Tz4rw 7H4vWnJPNHMMfOJ8/ZMKOSA==</latexit>
4n 4
<latexit sha1_base64 ="2k1cqvMLcuhLxLUR6tzhvTYgOic=">AAAB73 icdVBNS8NAEJ3Ur1q/qh69bC2CBy1JDdTeCl48 VrAf0ISy2W7bpZtN3N0IpfRPePGgiFf/jjf/jd s0goo+GHi8N8PMvCDmTGnb/rByK6tr6xv5zcLW9 s7uXnH/oK2iRBLaIhGPZDfAinImaEszzWk3lhS HAaedYHK18Dv3VCoWiVs9jakf4pFgQ0awNlLXF V7p3Cu5/WLZrtRToCWpuRmpO8ip2CnKkKHZL75 7g4gkIRWacKxUz7Fj7c+w1IxwOi94iaIxJhM8oj 1DBQ6p8mfpvXN0YpQBGkbSlNAoVb9PzHCo1DQM TGeI9Vj99hbiX14v0cNLf8ZEnGgqyHLRMOFIR2 jxPBowSYnmU0MwkczcisgYS0y0iahgQvj6FP1P 2tWKc1Gp3rjlxlkWRx6O4BhOwYEaNOAamtACAhw e4AmerTvr0XqxXpetOSubOYQfsN4+AQ4Jj0g=< /latexit>
N(u2)
<latexit sha1_base64 ="mZSmui/PsrcQ/So2aVopTCIsJac=">AAAB7X icdVBNS8NAEJ3Ur1q/qh69LBahgpSkFmpvBS+e pIL9gDaUzXbTrt1kw+5GKKH/wYsHRbz6f7z5b9 ymEVT0wcDjvRlm5nkRZ0rb9oeVW1ldW9/Ibxa2t nd294r7Bx0lYklomwguZM/DinIW0rZmmtNeJCk OPE673vRy4XfvqVRMhLd6FlE3wOOQ+YxgbaTOd TkeVk+HxZJdaaRAS1KvZaThIKdipyhBhtaw+D4 YCRIHNNSEY6X6jh1pN8FSM8LpvDCIFY0wmeIx7R sa4oAqN0mvnaMTo4yQL6SpUKNU/T6R4ECpWeCZ zgDrifrtLcS/vH6s/Qs3YWEUaxqS5SI/5kgLtH gdjZikRPOZIZhIZm5FZIIlJtoEVDAhfH2K/ied asU5r1RvaqXmWRZHHo7gGMrgQB2acAUtaAOBO3i AJ3i2hPVovVivy9aclc0cwg9Yb587gY7c</lat exit>
u
<latexit sha1_base64 ="tTTJYGAyM+feBvaDjh3DFNWgaHI=">AAAB6H icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePHY gq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3L Y5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7 u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKN A4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqb9c sWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF +RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQ ljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU14 42dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lb ARVZQZm03JhuAtv7xK2rWqd1mtNa8q9Ys8jiKc wCmcgwfXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04 +cwx/4Hz+ANxdjOc=</latexit>
F =
2[
i=1
E(ui, N(ui))\[E(C)[(u1, u0)]
<latexit sha1_base64="wvn74oxCGMMP+emJi Ql6eaJGTGE=">AAACMXicbVBLS8NAGNz4rPVV9eglsQgtlJJUQS+FQqn0JApWhSSGzXbTLt1swj6 EEvqXvPhPxEsPinj1T7ipPfga2GWYmY/db8KUEiFte2osLC4tr6wW1orrG5tb26Wd3WuRKI5wDyU0 4bchFJgShnuSSIpvU45hHFJ8E47auX9zj7kgCbuS4xT7MRwwEhEEpZaCUvfMs5qe5YVkgFQaZKTp TO4antWpqIDUzvO7WtW+wDImTAnPcjuVdq7ouGdp36mpwK76Qals1+0ZzL/EmZMymOMiKD15/QSpG DOJKBTCdexU+hnkkiCKJ0VPCZxCNIID7GrKYIyFn802npiHWumbUcL1YdKcqd8nMhgLMY5DnYyhH IrfXi7+57lKRqd+RliqJGbo66FIUVMmZl6f2SccI0nHmkDEif6riYaQQyR1yUVdgvN75b/kulF3ju qNy+NyqzavowD2wQGoAAecgBboggvQAwg8gGfwAl6NR2NqvBnvX9EFYz6zB37A+PgE8+emVQ==</ latexit>
Fig. 4: Illustration for Remark 4
4 Concluding remarks
In literature, there are many papers with results of computing strong Menger (edge) connectivity in
several popular classes of triangle-free graphs. In this paper, we study the strong Menger (edge) con-
nectivity of one kind of graph which has many triangles, namely augmented k-ary n-cube AQn,k. By
exploring and utilizing the structural properties of AQn,k, we show that AQn,3 (resp. AQn,k, k ≥ 4) is
(4n− 9)-strongly (resp. (4n− 8)-strongly) Menger connected for n ≥ 3, and AQn,k is (4n− 4)-strongly
Menger edge connected for n ≥ 2 and k ≥ 3. Moreover, under the restricted condition that each vertex
has at least two fault-free edges, we show that AQn,k is (8n − 10)-conditional strongly Menger edge
connected for n ≥ 2 and k ≥ 3. All results we obtained are optimal in the sense of the maximum number
of tolerated vertex (resp. edge) faults. Intuitively, we think that this method can also be applied to other
r-regular r-connected graphs with triangles.
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Appendix A
Let S be an arbitrary set of edges in AQ2,k for k ≥ 3. If |S| ≤ 9, then there exists a component H in
AQ2,k − S such that |V (H)| ≥ |V (AQ2,k)| − 1.
Proof. Let H be the large component of AQ2,k−S. By Lemma 1(2), the result holds if |S| ≤ κ(AQ2,k)−
1 = 5. Now assume 6 ≤ |S| ≤ 9. Note that AQ2,k contains k disjoint copies of k-cycle, say AQi2,k, i ∈ [k]0.
Let Si = S ∩ E(AQi2,k) and si = |Si| for i ∈ [k]0. Let I = {i ∈ [k]0 : AQi2,k − Si is disconnected} and
J = [k]0\I. Clearly, si ≥ 2 for each i ∈ I. So |I| ≤ min{k, 4}. Let M be the union of smaller components
of AQn,k − S. We consider the following cases.
Case 1. |I| = 0.
For j ∈ [k]0, AQj2,k−Sj is connected. By Lemma 1(3), there are 2k edges between adjacent subgraphs
AQj2,k and AQ
j+1
2,k for j ∈ [k]0. Since k ≥ 3 and |S| ≤ 9 < 2 × (2k), there exists at most one integer,
say i ∈ [k]0, such that all the edges between AQi2,k and AQi+12,k are faulty. Since there is a fault-free edge
between AQj2,k − Sj and AQj+12,k − Sj+1 for each j ∈ [k]0 \ {i}, it implies that AQ2,k − S is connected.
Thus, |V (H)| = |V (AQ2,k)|.
Case 2. |I| = 1.
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Without loss of generality, assume that I = {0}. So, V (M) ⊂ V (AQ02,k). By Lemma 1(2), s0 ≥
4(n − 1) − 2 = 2. For j ∈ J , AQj2,k − Sj is connected. By Lemma 1(3), there are 2k edges between
adjacent subgraphs AQj2,k and AQ
j+1
2,k for j ∈ [k]0. Since sc ≤ |S| − s0 ≤ 9 − 2 = 7 < 2k for k ≥ 4.
If k ≥ 4, there exists a fault-free edge between AQj2,k − Sj and AQj+12,k − Sj+1 for all j ∈ [k]0. It leads
to AQJ2,k − SJ is connected. Since every vertex in AQ02,k has four distinct extra neighbors, we have
4|V (M)| ≤ sc ≤ 7. Thus, |V (M)| ≤ 1 and |V (H)| ≥ |V (AQ2,k)| − 1.
If k = 3 (see Fig. 1(a)), then AQ02,3−S0 is either three singletons or an edge together with a singleton.
Note that every vertex in AQ02,3 has four distinct extra neighbors and 2 ≤ s0 ≤ 3. Since s0+4|V (M)| ≤ 9,
we have |V (M)| ≤ 1. Thus, at least a vertex of AQ02,3 − S0 is connected to AQ12,3 − S1 and AQ22,3 − S2.
It implies |V (H)| ≥ |V (AQ2,3)| − 1.
Case 3. |I| = 2.
Without loss of generality, assume that I = {0, t} where t ∈ [k]0 \ {0}. For j ∈ J , AQj2,k − Sj is
connected. For i ∈ I, it is clear that si ≥ 2. Let Hi be the large component of AQi2,k − Si. Since
sc ≤ |S|− s0− st ≤ 9−2×2 = 5 and every vertex in AQi2,k has four distinct extra neighbors, AQi2,k−Si
has two components, one is Hi and the other is a singleton, say vi. By Lemma 1(3), there are 2k edges
between adjacent subgraphs AQj2,k and AQ
j+1
2,k for j ∈ [k]0. Since sc ≤ 5 < 2k for k ≥ 3, all Hi’s for
i ∈ I and all subgraphs (AQj2,k − Sj)’s for j ∈ J belong to the same component (i.e., H) in AQ2,k − S.
Since the two singletons, v0 in AQ
0
2,k−S0−H0 and vt in AQt2,k−St−Ht, may be adjacent in AQ2,k−S,
we have s0 + st + (4|V (M)| − 2) ≤ 9. Thus, |V (M)| ≤ 1 and |V (H)| ≥ |V (AQ2,k)| − 1.
Case 4. 3 ≤ |I| ≤ min{k, 4}.
In this case, k ≥ 3. For j ∈ J , AQj2,k − Sj is connected. For i ∈ I, it is clear that si ≥ 2. Let Hi
be the large component of AQi2,k − Si. By Lemma 1(3), there are 2k edges between adjacent subgraphs
AQj2,k and AQ
j+1
2,k for j ∈ [k]0. Since sc ≤ |S| − 2|I| ≤ 9 − 2 × 3 = 3 < 2k, all Hi’s for i ∈ I and all
subgraphs (AQj2,k − Sj)’s for j ∈ J belong to the same component (i.e., H) in AQ2,k − S. Since sc ≤ 3
and every vertex in AQi2,k has four distinct extra neighbors, if a vertex of AQ
i
2,k−Si is a singleton, then
it must be connected to H. Thus, |V (H)| ≥ |V (AQ2,k)|. 
Appendix B
Let S be an arbitrary set of edges in AQ2,k for k ≥ 3. If |S| ≤ 11, then there exists a component H in
AQ2,k − S such that |V (H)| ≥ |V (AQ2,k)| − 2.
Proof. Let n = 2 and H be the large component of AQ2,k − S. By Lemma 8, the result holds if
|S| ≤ 8n − 7 = 9. Now we consider 10 ≤ |S| ≤ 11. Recall that AQ2,k contains k disjoint copies
of k-cycle, say AQi2,k, i ∈ [k]0. Let Si = S ∩ E(AQi2,k) and si = |Si| for i ∈ [k]0. Let I = {i ∈
[k]0 : AQ
i
2,k − Si is disconnected} and J = [k]0 \ I. Clearly, si ≥ 2 for each i ∈ I. So |I| ≤ min{k, 5}.
Let M be the union of smaller components of AQn,k − S. We consider the following cases.
Case 1. |I| = 0.
For j ∈ [k]0, AQj2,k−Sj is connected. By Lemma 1(3), there are 2k edges between adjacent subgraphs
AQj2,k and AQ
j+1
2,k for j ∈ [k]0. Since k ≥ 3 and |S| ≤ 11 < 2 × (2k), there exists at most one integer,
say i ∈ [k]0, such that all the edges between AQi2,k and AQi+12,k are faulty. Since there is a fault-free edge
between AQj2,k − Sj and AQj+12,k − Sj+1 for each j ∈ [k]0 \ {i}, it implies that AQ2,k − S is connected.
Thus, |V (H)| = |V (AQ2,k)|.
Case 2. |I| = 1.
Without loss of generality, assume that I = {0}. So, V (M) ⊂ V (AQ02,k). By Lemma 1(2), s0 ≥
17
4(n − 1) − 2 = 2. For j ∈ J , AQj2,k − Sj is connected. By Lemma 1(3), there are 2k edges between
adjacent subgraphs AQj2,k and AQ
j+1
2,k for j ∈ [k]0. Since sc ≤ |S| − s0 ≤ 11 − 2 = 9 < 2k for k ≥ 5.
If k ≥ 5, there exists a fault-free edge between AQj2,k − Sj and AQj+12,k − Sj+1 for all j ∈ [k]0. It leads
to AQJ2,k − SJ is connected. Since every vertex in AQ02,k has four distinct extra neighbors, we have
4|V (M)| ≤ sc ≤ 9. Thus, |V (M)| ≤ 2 and |V (H)| ≥ |V (AQ2,k)| − 2.
If k = 3 (see Fig. 1(a)), then AQ02,3 − S0 is either three singletons or an edge together with a
singleton. Note that every vertex in AQ02,3 has four distinct extra neighbors and 2 ≤ s0 ≤ 3. Since
s0 + 4|V (M)| ≤ 11, we have |V (M)| ≤ 2. Thus, at least a vertex of AQ02,3 − S0 is connected to
AQ12,3 − S1 and AQ22,3 − S2. It implies |V (H)| ≥ |V (AQ2,3)| − 2.
If k = 4 (see Fig. 1(b)), then AQ02,4 − S0 is one of the following: (1) four singletons; (2) an edge and
two singletons; (3) a 2-path (i.e., a path of length 2) and a singleton; (4) two nonadjacent edges. Note
that every vertex in AQ02,4 has four distinct extra neighbors and 2 ≤ s0 ≤ 4. Since s0 + 4|V (M)| ≤ 11,
we have |V (M)| ≤ 2, and M is either an edge or at most two singletons. Thus, there exists either an
edge, a 2-path, or two singletons of AQ02,4−S0, which and all subgraphs (AQj2,4−Sj)’s for j ∈ J belong
to the same component (i.e., H) in AQ2,k − S. This shows that |V (H)| ≥ |V (AQ2,4)| − 2.
Case 3. |I| = 2.
Without loss of generality, assume that I = {0, t} where t ∈ [k]0 \ {0}. For j ∈ J , AQj2,k − Sj
is connected. For i ∈ I, it is clear that si ≥ 2. Let Hi be the large component of AQi2,k − Si. Since
sc ≤ |S|−s0−st ≤ 11−2×2 = 7 and every vertex in AQi2,k has four distinct extra neighbors, AQi2,k−Si
has two components, one is Hi and the other is a singleton, say vi. By Lemma 1(3), there are 2k edges
between adjacent subgraphs AQj2,k and AQ
j+1
2,k for j ∈ [k]0. Since sc ≤ 7 < 2× (2k) for k ≥ 3, all Hi’s for
i ∈ I and all subgraphs (AQj2,k − Sj)’s for j ∈ J belong to the same component (i.e., H) in AQ2,k − S.
Since the two singletons, v0 in AQ
0
2,k−S0−H0 and vt in AQt2,k−St−Ht, may be adjacent in AQ2,k−S,
we have s0 + st + (4|V (M)| − 2) ≤ 11. Thus, |V (M)| ≤ 2 and |V (H)| ≥ |V (AQ2,k)| − 2.
Case 4. |I| = 3.
Without loss of generality, assume that I = {0, t, p} where t, p ∈ [k]0 \ {0}. For j ∈ J , AQj2,k − Sj
is connected. For i ∈ I, it is clear that si ≥ 2. Let Hi be the large component of AQi2,k − Si. Since
sc ≤ |S| − s0 − st − sp ≤ 11 − 3 × 2 = 5 and every vertex in AQi2,k has four distinct extra neighbors,
AQi2,k−Si has two components, one is Hi and the other is a singleton, say vi. By Lemma 1(3), there are
2k edges between adjacent subgraphs AQj2,k and AQ
j+1
2,k for j ∈ [k]0. Since sc ≤ 5 < 2× (2k) for k ≥ 3,
all Hi’s for i ∈ I and all subgraphs (AQj2,k − Sj)’s for j ∈ J belong to the same component (i.e., H) in
AQ2,k−S. If every two singletons of {v0, vt, vp} are adjacent in AQ2,k−S, then s0+st+sp+(4×3−6) ≥
12, a contradiction. Thus at least two singletons in {v0, vt, vp} are nonadjacent, and it follows that
s0 + st + sp + (4|V (M)| − 4) ≤ 11. This shows that |V (M)| ≤ 2 and |V (H)| ≥ |V (AQ2,4)| − 2.
Case 5. 4 ≤ |I| ≤ min{k, 5}.
In this case, k ≥ 4. For j ∈ J , AQj2,k − Sj is connected. For i ∈ I, it is clear that si ≥ 2. Let Hi
be the large component of AQi2,k − Si. By Lemma 1(3), there are 2k edges between adjacent subgraphs
AQj2,k and AQ
j+1
2,k for j ∈ [k]0. Since sc ≤ |S| − 2|I| ≤ 11 − 2 × 4 = 3 < 2k, all Hi’s for i ∈ I and all
subgraphs (AQj2,k − Sj)’s for j ∈ J belong to the same component (i.e., H) in AQ2,k − S. Since sc ≤ 3
and every vertex in AQi2,k has four distinct extra neighbors, if a vertex of AQ
i
2,k−Si is a singleton, then
it must be connected to H. Thus, |V (H)| ≥ |V (AQ2,k)|. 
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